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$R$ $(R, +, \cdot, <)$ $\mathcal{N}=$
$(R, +, \cdot, <, \ldots)$




$\mathcal{N}=(R, +, \cdot, <, \ldots)$ $2\leqq r<\infty$
2
$<$ $(R, +, \cdot, <)$ $<$ $x,y\in R$
$x<y,x=y,x>y$ $<$
$x,y\in R,x<y$ $z\in R$ $x<z<y$
$<$ $x\in R$
$y,$ $z\in R$ $y<x<z$
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$<$ $(R, +, \cdot, <)$
(1) $x,$ $y,$ $z\in R$ $x<y$ $x+z<y+z$
(2) $x,$ $y,$ $z\in R$ $x<y$ $z>0$ $xz<yz$
$(R, +, \cdot, <)$
(1) $R$ $x_{1},$ $\ldots,$ $x_{n}$ $x_{1}^{2}+\cdots+x_{n}^{2}=-1$
(2) $R$ $y_{1},$ $\ldots,$ $y_{m}$ $y_{1}^{2}+\cdots+y_{m}^{2}=0$ $y_{1}=$
$=y_{m}=0$
$(R, +, \cdot, <)$
(1) [ ] $f(x)\in R[x]$ $a<b$
$f(a)\neq f(b)$ $f([a, b]_{R})$ $f(a)$ $f(b)$
$[a,$ $b|_{R}=\{x\in R|a\leq X\leq b\}$
(2) $R[i]=R[x]/(x^{2}+1)$
$\mathcal{N}$ $=(R, (f_{i}), (L_{j}), (c_{k}))$
1. $R$ $\mathcal{N}$ underlying set universe
2. $\{f_{i}|i\in I\}_{\backslash }$ $f_{i}$ : $R^{n_{i}}arrow R,$ $n_{i}\geq 1$
3. $\{L_{j}|j\in J\}$ $L_{j}\subset R^{m_{j}},$ $m_{j}\geq 1$
4 $\{c_{k}|k\in K\}\subset R$ $c_{k}$
$I,$ $J,$ $K$




3. $f$ $m$ tl, . . . , $f(t_{1}, \ldots, t_{m})$
$\exists,\forall$
3
1. $t_{1},t_{2}$ $t_{1}=t_{2}$ $t_{1}<t_{2}$
2
2. $L$ $m$ $t_{1},$ $\ldots,$ $t_{m}$ $L(t_{1}, \ldots, t_{m})$
3. $\phi$ $\psi$ $\neg\phi,$ $\phi\vee\psi$ $\phi\wedge\psi$ $\phi$
$v$ $(\exists v)\phi$ $(\forall v)\phi$
$R^{n}$ $X$ $\mathcal{N}$
$\phi(x_{1}, \ldots , x_{n}, y_{1}, \ldots, y_{m})$ $b_{1},$
$\ldots,$
$b_{m}\in R$ $X=\{(a_{1}, \ldots, a_{n})\in$
$R^{n}|\phi(a_{1}, \ldots, a_{n}, b_{1}, \ldots, b_{m})$ $\mathcal{N}$ }
$X$
$\mathcal{N}=(R, +, <, \cdots)$ ( $0$-minimal structure) $R$
$(a, b)_{R}=\{x\in R|a<x<b\},$ $-\infty\leq a<b\leq\infty$
$(R, +, \cdot, <)$
semialgebraic
$R$ $R^{n}$
Puiseux $\mathbb{R}$ [X] $\wedge$ $\sum_{i=k}^{\infty}a_{i}X^{\frac{i}{q}},$ $k\in \mathbb{Z},$ $q\in \mathbb{N},$ $a_{i}\in \mathbb{R}$
$\mathbb{R}$
$\mathbb{R}_{alg}=$ { $x\in \mathbb{R}|x$ $\mathbb{Q}$ }
2.1. (1) $O$
(2) $\kappa$ $2^{\kappa}$ $\kappa$
2.2. $X\subset R^{n }Y\subset R^{m}$ $f$ :
$Xarrow Y$ $f$ $(\subset R^{n}\cross R^{m})$




2.3. $\mathcal{N}=(\mathbb{R}_{alg}, +, \cdot, <)$ $a,$ $b\in \mathbb{R}_{alg}$ $[a,$ $b|_{\mathbb{R}_{alg}}=\{x\in$
$\mathbb{R}_{alg}|a\leqq x\leqq b\},$ $(a, b)_{\mathbb{R}_{alg}}=$ $\{X \in \mathbb{R}_{alg}|a<x<b\}$ $f$
3
$f;[1,10]_{\mathbb{R}_{alg}}arrow \mathbb{R}_{alg}$ $[1, \pi]\cap \mathbb{R}_{alg}$ $X,$ $[\pi, 2\pi]\cap \mathbb{R}_{alg}$ $x-5,$ $[2\pi, 10]\cap \mathbb{R}_{alg}$
$-x+30$ $C^{\infty}$ $f$
$[1, 2\pi]\cap \mathbb{R}_{alg}$ $f’>0$ $f$ $f$ $\mathcal{N}$
$X$ $\subset$ $R^{n}$
$f$ : $(a, b)_{R}$ $arrow$ $X$
$\lim_{xarrow a+0}f(x),$ $\lim_{xarrow b-0}f(x)$ $X$
$X\subset R^{n}$ $X$
$Y,$ $Z$ $X=Y\cup Z$ $Y\cap Z=\emptyset$
$R=\mathbb{R}_{alg}$ $lf_{\backslash }^{\backslash }[0,1|_{\mathbb{R}_{a\downarrow?}}=\{x\in \mathbb{R}_{alg}|0\leq x\leq 1\}$
7, $\triangleright$
2.4 ([16]). $R^{n}$ $X$ $X$




2.6. (1) ( ) $X$
$f(x)$ $a,$ $b\in X$ $f(a)\neq f(b)$ $f(X)$
$f(a)$ $f(b)$
(2) ( ) $X$
$f(x)$
(3) ( ) $f$ : $[a, b]_{R}arrow R$ $(a, b)_{R}$
$f(a)=f(b)$ $f’(c)=0$ $c$ $a$ $b$
4
(4) ( ) $f$ : $[a, b]_{R}arrow R$ $(a, b)_{R}$
$f’(c)= \frac{f(b)-f(a)}{b-a}$ $c$ $a$ $b$
(5) $f$ : $(a, b)_{R}arrow R$ $(a, b)_{R}$
$f’>0$ $f$
3
$X\subset R^{n},$ $Z\subset R^{m}$ $f$ : $xarrow z$
$f$ $h:Zarrow X$
$f\circ h=id_{Z}$ $h\circ f=id_{X}$
$X\subset R^{n},$ $Z\subset R^{m}$ $f$ : $Xarrow Z$
$f$ $C^{r}$ $f$ $C^{r}$
$C^{r}$ $f$
$f$
3.1. (1) $r$ $\infty$ Hausdorff $X$ $n$
$C^{r}$ $X$ $\{U_{\lambda}\}_{\lambda\in\Lambda }R^{n}$
$\{V_{\lambda}\}_{\lambda\in\Lambda}$ $\{\phi_{\lambda}:U_{\lambda}arrow V_{\lambda}\}_{\lambda\in\Lambda}$ $U_{\lambda}\cap U_{\nu}\neq\emptyset$




$f$ : $(a, b)_{R}arrow X$
$\lim_{xarrow a+0}f(x),$ $\lim_{xarrow b-0}f(x)$ $X$
3.2. (1) $n$ $S^{n}= \{(x_{1}, \ldots, x_{n+1})\in R^{n+1}|\sum_{i=1}^{n+1}x1=1\}$
$n$ $C^{\infty}$
(2) $T^{2}=S^{1}\cross S^{1}$ 2 $C^{\infty}$
$C^{r}G$ [10], [7]
$\mathbb{R}$
$n$ $C^{r}$ $\mathbb{R}^{2n+1}$ $C^{r}$
3.3. (1) $([11J)$ $\mathbb{R}$ $\mathcal{M}=(\mathbb{R}, +, \cdot, <, \ldots)$
$0\leqq r<\infty$ $C^{r}$ $\mathbb{R}^{n}$
$C^{r}$
5
(2) $([ \mathbb{R} \mathcal{M}=(\mathbb{R}, +, \cdot, <, exp, \ldots)$
$C^{\infty}$ $\mathbb{R}^{n}$
$C^{\infty}$ $exp$ : $\mathbb{R}arrow \mathbb{R},$ $x\mapsto e^{x}$
(3) $([2J)$ $R$ $\mathcal{N}=(R, +, \cdot, <, \ldots)$
$0\leqq r<\infty$ $C^{r}$
$R^{n}$ $C^{r}$
3.4 ([22]). $exp$ $\mathbb{R}_{alg}arrow \mathbb{R}_{alg}$
$X$ $f$ : $Xarrow R$ $C$
$X$ $P$ $f$ $f$ $P$ $0$





3.5 (e.g. [14]). $\mathbb{R}$ $C^{\infty}$ $X$
$X$ $C^{\infty}$ Whitney $C^{2}$
3.5
$C^{r}$
$X$ $R^{n}$ $C^{r}$ De$f^{r}(X)$ $X$
$C^{r}$ $f\in Def^{r}(X)$ $\epsilon$ : $Xarrow R$
$f$ De$f^{r}(X)$ $\epsilon$ $N(f;\epsilon)$
$\{h\in Def^{r}(X)||\partial^{\alpha}(h-f)|<\epsilon, \forall\alpha\in(\mathbb{N}\cup\{0\})^{n}, |\alpha|\leqq r\}$
$\alpha=(\alpha_{1}, \ldots, \alpha_{n})\in(\mathbb{N}\cup\{0\})^{n},$ $|\alpha|=\alpha_{1}+\cdots+\alpha_{n},$ $\partial F=\frac{\partial^{|\alpha|}F}{\partial x_{1}^{1}\ldots\partial x_{n}^{\alpha_{n}}}$
$\epsilon$ De$f^{r}(X)$
$\mathbb{R}$ $C^{r}$ $WhitneyC^{r}$
3.6 ([8]). $X$ $C^{r}$
$2\leqq r<\infty$ $X$
De$f_{Morse}^{r}(X)$ $X$ $C^{r}$ De$f^{r}(X)$
$C^{2}$
6
$\mathbb{R}$ 3.6 ([9], [13])
3 3.6
3.7 (e.g. [3]). $A\subset R^{n}$ $U_{1},$
$\ldots,$
$U_{n}$ $A$
$\cup$ lUi $=A$ $A$
$W_{1},$
$\ldots,$
$W_{n}$ $i$ $cl_{A}(W_{i})\subset$ $\bigcup_{i=1}^{n}W_{i}=A$
$cl_{A}(W_{i})$ $W_{i}$ $A$
3.8 ([2]). $X$ $R^{n}$ $0\leqq r<\infty$
$F_{1}$ , $X$
$h:Xarrow R$ $h|F_{1}=0,$ $h|F_{2}=1$
$0\leqq h\leqq 1$
Sard
3.9 ([2]). $X$ $R^{S}$ $m$ $C^{r}$ $Y$ $R^{t}$
$n$ $C^{r}$ $f$ : $Xarrow Y$
$C^{r}$ $f$ $n$
[22], [21], [19] [20], [12]
$\mathcal{L}=(R, +, \cdot, <, \ldots)$
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